Breakup of an electrified viscous compound jet, surrounded by a dielectric gas, is investigated theoretically. The fluids are considered to be electrolytes and the core fluid viscosity is assumed to be much larger than that of the annular fluid. Axisymmetric configurations are considered with the three fluids bound by a cylindrical electrode that is held at a constant voltage potential. The model equations are investigated asymptotically in the long-wave limit, yielding two cases corresponding to a negligible surface charge with electrokinetic effects and a leaky dielectric model. A linear stability analysis for both cases is performed and the electrical effects are found to have a stabilizing effect, which is consistent with previous investigations of single electrified jet breakup at small wavenumbers. The one-dimensional equations are also solved numerically. The electric field is found to cause satellite formation in the core fluid, which does not occur in the purely hydrodynamic case, with the satellite size increasing with the strength of the electric field.
Introduction
Compound electrified jets or threads, consisting of two immiscible, viscous, electrolyte fluids in a core annular arrangement, are important for a class of problems related to micro-encapsulation, ink-jet printing, fibre spinning and drug delivery (Denn 1980; Hertz & Hermanrud 1983; Hardas et al. 2000; Lee et al. 2001; Loscertales et al. 2002) . A compound jet is formed by injecting two fluids into ambient air, and as a result of surface tension a capillary instability causes the thread/jet to breakup into droplets. In the case of encapsulation, it is important to be able to control the formation of compound droplets, such as inner droplet size and annular layer thickness, and electric fields are a potentially useful way of achieving this purpose.FIGURE 1. Schematic of the flow showing a thin liquid thread coated by another viscous fluid and surrounded by an inviscid gas bounded by an electrode of radius R 3 with a potential φ w ; the interfaces are located at r = S 1 (z, t) and r = S 2 (z, t).
dynamics. Through a parametric study we find that the electric field retards the evolution of the interface and allows for the formation of a satellite. In addition, the electric field can be used to inhibit breakup and allow for the formation of long compound threads. This study demonstrates the potential utility of electric effects in controlling the breakup process which motivates the pursuit of experimental work to verify the predictions and mechanisms found in this paper.
The rest of this paper is organized as follows. In § 2 the general model for electrified compound jets with electrokinetic effects is developed and then reduced in the long-wave limit for a number of cases. In § 3.1 the linear problem is investigated and in § 3.2 the nonlinear problem, that is solved numerically, is presented. Finally, concluding remarks are provided in § 4.
Formulation
We consider a compound jet as shown in figure 1 , that is bounded by a cylindrical electrode of radius R 3 . There are two interfaces located at r = S 1 (z, t) and r = S 2 (z, t) with initial radii R 1 and R 2 and constant surface tensions γ 1 and γ 2 . The third fluid is a dielectric that is bounded by an electrode with a constant potential φ w . The three fluids in the system have densities ρ i , viscosities µ i and dielectric permittivities ε i . Here we take µ 3 µ 1,2 ; fluid 1 is the core fluid, 2 the annular fluid and 3 is the gas. Both inner fluids are assumed to be symmetric z : z electrolytes and we use the superscript +, − for the cationic and ionic species n (+) i , n (−) i , respectively where n (±) i are in units of molarity. In addition, there is a charge-neutral species, n i , from which the ionic species disassociate. (We have chosen to investigate symmetric electrolytes because they are common in systems with a dilute concentration of many types of salt and in systems where ions are formed by water dissociation. In addition, the formulation presented below will apply to asymmetric electrolytes with a straightforward modification to the charges and we refer the reader to a paper by Saville (1997) .) Further, a surface species, Γ (±) i , can be transported to the interface resulting in a surface charge q i .
Governing equations
The governing equations describing electrified jets have been presented in Saville (1997) so we only present the dimensionless set here. We scale the radial length on the initial radius of the core fluid R 1 , the axial length on some scale L, the radial velocity on γ 1 /µ 1 , the axial velocity on δ −1 γ 1 /µ 1 (δ = R 1 /L), time on R 1 µ 1 /γ 1 and pressure 174 D. T. Conroy, O. K. Matar, R. V. Craster and D. T. Papageorgiou with γ 1 /R 1 . The voltage potential φ is scaled by φ 0 (which will be defined later), the ion concentration n (±) with n 0 1 (the electroneutral concentration corresponding to φ 0 ), the surface conductivity σ si is scaled with Fω si eΓ mi , the surface species Γ (±) i on the maximum packing concentration Γ mi , volumetric charge density ρ e i on 2n 0 1 F, surface charge q i with 2Γ mi F and the conductivity σ i with Fω i en 0 1 . Here F = N A e is the Faraday constant, e is the charge on an electron, N A is Avogadro's number, ω i is the ion mobility in the bulk and ω si is the ion mobility at the interfaces. Typically K B T/e = 25 mv (where K B is Boltzman's constant and T is the temperature) and ε 2 /ε 3 ≈ 80 for water and air.
Electrical effects are governed by the equations of electrostatics arising from Maxwell's equations for the electric field, E i = −∇φ i , in the absence of magnetic fields:
1 r ∂ ∂r r ∂φ i ∂r + δ 2 ∂ 2 φ i
where ρ e i is the volume charge density in each fluid defined as
and ρ e 3 = 0 since region 3 is a dielectric. The dimensionless parameter χ represents a ratio of layer thickness to Debye length as
where ε 0 is the permittivity of free space. At the interfaces, S 1 and S 2 , the jump conditions for the electric field are expressed as
with ξ i = Γ mi /n 0 1 R 1 , relating surface species at the interface to electrolyte concentration in the core,
)/2 is the surface charge density and the subscripts represent derivatives.
The ionic concentrations, in the core, evolve according to the Nernst-Planck equations: 8) for the neutral species and for the ionic species
where ψ = φ 0 e/K B T is a dimensionless field strength. The reaction terms arise from a kinetic model of the disassociation and association of the ions, with rates α 1 , α 2 ,
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175 respectively and K = α 2 n 0 1 /α 1 is a ratio of disassociation to association rates (see Saville 1997) . The other dimensionless groups appearing above are the Péclet and Damköhler numbers given by
which represent the ratio of flow to diffusional (due to charge) velocity scales, and the ratio of diffusion to reaction time scales, respectively. Applying the electrolyte concentration at the interface, a surface species evolves according to
(2.12)
At the interface, the transfer between surface and bulk concentration, n
i , is governed by a kinetic expression (Davies & Rideal 1961; Prosser & Frances 2001) but we assume that this process is fast relative to diffusive transport to the interface. Also, a reaction term has been ignored for small Damköhler numbers. The vector
1/2 is the unit normal (pointing outwards) at any point on the interface and (·) denotes the jump in (·) across the interface, that is, (·) 2 -(·) 1 and (·) 3 -(·) 2 .
The momentum and continuity equations in each layer are given by 15) where the second term on the right-hand side is Maxwell's stress and ∇ 2 is the Laplacian. We note that the electrokinetic term in the third layer is negligible, and it is essentially a dielectric. Here, the dimensionless groups appearing in the momentum equation are
and represent the Reynolds number, viscosity ratio and electrostatic Weber number, for electrostatic to capillary pressure, respectively. At the interface, the normal and
17)
with γ 1 = 1, γ 2 = γ 2 and note that the fluid stress from layer 3 is negligible compared with the viscous fluids. Here κ i = ∇ · n i is the curvature of the interface. Finally, the dimensionless kinematic condition is
2.2. Asymptotic reduction We make the long-wave assumption by setting δ 1 and adopt expansions of the form u i = u i0 + δ 2 u i1 + · · · , and a similar form for the other variables. For the fluid dynamic parameters we follow Craster et al. (2005) (2.20)
Note that the tangential jump condition on the electric field at the interfaces is equivalent to a continuity of potential. The transport of ions is dominated by radial diffusion in each layer
where the last two equations are for the volumetric charge density and conductivity
) that are obtained by subtracting and adding the positive and negative parts of (2.23). We note that these equations are valid for any symmetric electrolyte regardless of the relative ionic mobilities as long as the Péclet numbers are sufficiently small. At the interfaces the surface species, surface charge and surface conductivity evolve according to 
Integrating the first equation the modified pressure P 20 − Qψ 2 χ 2 Ω 20 = K 2 (z, t) is independent of r and integrating (2.30) gives
(2.31)
From the continuity equation the radial velocity is
At the interface r = S 2 the normal and tangential stress balances to leading order are
From the normal stress balance the constant K 2 is
and from the tangential stress
The other two constants are found from continuity of velocity at r = S 1 . To leading order the axial and radial components of the momentum equation in layer 1 are
37)
From boundedness the second of these yields w 10 = w 10 (z, t) and is combined with continuity to obtain the radial component of velocity u 10 = −rw 10z /2. The velocity part of the radial component cancel and upon integration the pressure is P 10 − Qψ 2 χ 2 Ω 10 = K 1 (z, t). The normal and tangential stress balance at r = S 1 is
(2.40) Then from the normal component of the above, the constant of integration is
From continuity of velocity at r = S 1 the remaining constants of integration are
42)
The leading order axial velocity in the core fluid is determined from the next order in the asymptotic expansion
Since the left-hand side of this equation is independent of r we can integrate to obtain
Combining this equation with the next order tangential stress balance at r = S 1
Qq 10 (φ 10 | S 1 ) z (2.46) the evolution equation for the axial velocity, combining (2.45)-(2.46), in the core is
Finally the kinematic conditions at the interface are
48)
In the following sections we examine two limits, corresponding to a case where electrokinetic effects are dominant and the other where the equations reduce to the leaky-dielectric model. In general, these two limits depend on the magnitude of the interfacial radii relative to the Debye screening length. For strong electrolytes (e.g. salt concentrations of 1 × 10 −3 M or higher) the Debye screening length is typically 10 nm, whereas for weak electrolytes the screening length is between 10 nm and 1 µm (Chang & Yeo 2010) . For electrokinetic effects to be important we then need χ ∼ O(1), whereas for a leaky-dielectric model χ 1. In addition, an assumption needs to be made about the relative strength of the surface charge relative to the charge in the bulk. For charged surfactants, the adsorption isotherm can be approximated from Borwankar & Wasan (1988) 
and the relative charge strength as (Chang & Franses 1995) . In the systems examined here, we expect the amount of surface-adsorbed ions to be smaller than for surfactants, which have a higher surface affinity, but for the smallest parameters given here we expect the surface charge relative to the bulk (essentially, our dimensionless group ξ i ) to be small for R 1 nm. On the other hand, for strong surface affinity we expect the surface charge to play an important role. Further, the strength of the surface charge depends on the adsorption time, τ ad ∼ 1/k ad n (±) (where k ad is the rate constant for adsorption), relative to the charge relaxation time, τ r ∼ ε i /σ i , and the hydrodynamic time τ hyd ∼ R 1 µ 1 /γ 1 . For an air-water system τ hyd ∼ R 1 /100 s, τ r ∼ 1 × 10 from Borwankar & Wasan 1986) . Based on these estimates of the relevant time scales, and since we are interested in time-varying solutions featuring thread breakup, it is possible for us to neglect charge effects by taking ξ i ∼ O(1) and setting q i ∼ 0.
First limit: weak adsorption
Assuming the species flux to the interface or the rate of absorption onto the interface is small, we set ξ i ∼ δ 2 . In this limit the flux of ions is continuous at both interfaces from (2.26). Further take ψ = 1 so that the potential is scaled on k B T/e, following Conroy et al. (2010) . Owing to boundedness at r = 0 and no flux into layer 3, the ion concentrations in layers 1 and 2 are given by . We note that for asymmetric electrolytes the volumetric charge density would also have a linear form in the small potential limit. In this case the equations presented below will have a similar form after a suitable transformation for the potential. The potential in layers 1 and 2 are found from
with χ 3 = 0 and the interfacial conditions
The solution to (2.51) with the use of the boundary conditions is
54)
55)
, (2.57)
. (2.58)
We note that it is possible to solve (2.20) for large potentials provided that the Debye layers are very thin, such that χ i 1 (Chang & Yeo 2010) . Alternatively the potential can be found numerically but we expect the solutions to be qualitatively similar as found in Conroy et al. (2010) .
Here
i0 /2 and the constants K 2 and c 1 in fluid 2 at r = S 2 , making use of the interfacial conditions for the derivatives, reduce to
59)
60) whereQ = Qε 2 /2. In (2.59) the second term represents the electrostatic force from the normal stress component and the third term is the electrokinetic force due to free charges in the bulk. The evolution equation for the axial velocity at r = S 1 is found from the solution tō 61) with the kinematic conditions at the interface:
62)
The first expression on the right-hand side of (2.61) represents the electrokinetic and electrostatic forces coming from interface 1. The second expression represents the effect on interface 1 from electrostatic forces on S 2 and electrokinetics in the annular layer.
Connection with other models
By making the viscosity of the core fluid very large we can investigate the flow of a thin film on the outside of a rigid fibre. Following Craster et al. (2005) we set M 1 so that the interface remains at S 1 = 1 and w 10 = 0 for all time. For a very thin film, we rescale as follows: r = 1/(1 − y h ) and S 2 = 1/(1 − h h ), where h 1 and is a small parameter, so that the fibre is located at y = 0 and the free interface at y = h. In order to balance electrokinetic terms we take χ
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The potential then is found from the solution to
with the core assumed to be a perfect conductor such that φ 10 = φ w is a constant. The velocities in the film reduce to
65)
66)
and we set M = 3 h and = 1. This formulation is for a thin film on the outside of a fibre, but as noted by Kalliadasis & Chang (1994) this equation holds equally well for a thin film coating the inside of a cylindrical pipe, in the absence of electric fields, as studied by Hammond (1983) . Further, if fluid 3 is also a perfect conductor, then φ 20 = φ I and the equation of Conroy et al. (2010) is recovered. Otherwise the potential at the gas-liquid interface is coupled to the potential in the gas but the structure of the governing film equation will be the same.
On the other hand, in the limit M 2 → ∞, c 1 = 0, c 3 = 0, c 2 = w 10 , w 20 = w 10 and u 20 = −rw 10z /2. Further if the annular fluid has the electrical properties of a gas, that is χ 2 = 0, ε 2 = ε 3 and γ 2 = 0, the evolution equations becomē 70) which is the single electrified jet model investigated by Conroy et al. (2011b) in the absence of charged surfactant. Finally, forQ = 0 or χ 1 1 and χ 2 1 this model reduces to the electric-free case studied by Craster et al. (2005) .
Second limit: thin Debye layers and a highly conducting core
In the second limit we reduce the model to the leaky dielectric one with the free charge at the surface, including a tangential electrostatic stress to the charge at the interface. To do this we want the free charge to only be at the interface, which is possible for thin Debye layers extending from the interfaces and requires
(with ε 2 ∼ ε 1 ). From the electrostatic equation this limit implies that ρ e i0 ∼ O(δ 2 ) so that the fluid is electroneutral in the bulk. We take ξ 1 = ξ 2 = ξ , which effectively moves the different maximum packing concentrations to the initial condition for the charge. At the interface a charge is present provided that ξ = δ 2ξ . 182 D. T. Conroy, O. K. Matar, R. V. Craster and D. T. Papageorgiou From (2.28) it follows that σ i0 is a constant, a value that is chosen such that
. If the core is an imperfect conductor the charge at the interface is initially zero and remains so for all time. Therefore, we take the core to be a perfect conductor with potential φ 1 , which we set to zero. In addition, we take φ 0 to be the wall potential so that φ w = 1.
The electric field follows from (2.24) as 1 r ∂ ∂r r ∂φ i0 ∂r = 0, (2.71)
The potentials in the other two layers are
74)
75)
and the charge evolves according to
Since the bulk is electroneutral, Ω i0 ∼ 0 and the constants K 2 and c 1 at r = S 2 are
79)
80) whereQ = Qψ 2 ε 2 . The velocity in the annular layer is expressed as in (2.31) and (2.32) with the constants c 2 and c 3 found in (2.42) and (2.43). The evolution equation for the axial velocity at r = S 1 is
82)
In (2.81) the electrokinetic term has been dropped but we picked up a tangential stress at the interface due to the electrostatic field. We absorbξ by redefining as follows: q 20ξ → q 20 andσ i0ξ →σ i0 .
Results
The final system of equations is parameterized by the following dimensionless groups: the Reynolds number,Re; the ratio of the viscosity of the annular and core fluids, M; the ratio of the surface tension of the annular and core fluids, γ 2 ; the slenderness parameter, δ; the ratio of the initial annular interface radius to the core, α; the electrode radius, R 3 ; the dimensionless wall potential, φ w ; electric Weber number, Q = Qε 2 /2 (andQ = Qψ 2 ε 2 ); dielectric permittivity, ε i ; scaled inverse Debye length,
i /ε i ; and conductivity,σ i . The hydrodynamic parameters have been explored in Craster et al. (2005) so we use a basic case studied by them and focus only on the parameters related to the electric field. That is, M = 1, γ 2 = 1, α = 1.5 and δ = 0.05 unless noted otherwise. The effect of φ w on the solution is similar toQ so we take φ w = 1 in the first limit. Typically ε 2 /ε 3 = 80 for an air-water interface so we use that as a base value here. The value of the electrode radius has been set to R 3 = 10 so that the viscous fluids do not make contact with the walls and has been used previously (Collins et al. 2007; Conroy et al. 2011b ).
Linear theory
We can gain insight into the solution to the governing equations by conducting a linear stability analysis. The results will also act as validation against the numerical solutions for early times. For each case we use the following decomposition
where α is the ratio of outer to inner initial undisturbed positions and hats indicate infinitesimal perturbations. The perturbation of the charge will only be applicable for the second case. In addition, we note that the potential and ion concentrations are effectively expanded through the perturbation of the interfaces, so there is no need to include a decomposition for these variables in (3.1).
3.1.1. First limit: weak adsorption Using the decomposition (3.1), linearization of the kinematic conditions yieldŝ
Since the linearized form of the electric terms have long expressions we prefer to introduce the following f i = (φ 20r | S i ) 2 and g i = φ 2 20 | S i and make a multidimensional Taylor series expansion about the undisturbed state. The velocity at the second interface isû
3)
D. T. Conroy, O. K. Matar, R. V. Craster and D. T. Papageorgiou with A = (−3α
3 /4 + α − α −1 /4 + α 3 ln(α))/4M and the velocity at the first interface is
Substituting the following normal mode expansion
into the above expressions we obtain an eigenvalue equation for the growth rate λ with three roots:
with the variable η defined as
Typical dispersion curves, as a function of the electric field parameters, are shown in figure 2 with the stretching and squeezing modes shown on the same figure. In all cases the stretching mode dominates as found in Craster et al. (2005) in the absence of electric fields.
In the first set of plots forQ, shown in figure 2(a), the electric field acts to create an effective electric double layer that extends from r = S 2 towards the centre and forms a repulsive force that stabilizes the thread. Also, as discussed in Wang, Mahlmann & Papageorgiou (2009) , the electric field in the gas layer has a stabilizing effect for long waves and electrode radii that are sufficiently large (as studied here). Therefore, asQ increases, the growth rate of the stretching and squeezing modes decrease at all wavenumbers and such an increase has a stabilizing effect. Although the stretching mode is more sensitive than the squeezing mode, it always dominates even for large values ofQ. For very large values ofQ (not shown here) the electric field completely stabilizes the interfaces. Further, the cutoff wavenumber is unchanged by increasingQ for the stretching mode but for the squeezing mode the cutoff wavenumber decreases with increasingQ.
In figure 2(b) , showing variations in ε 2 /ε 1 , the maximum growth rate for both modes decreases as ε 2 /ε 1 increases. We can gain insight into the reasons for this by looking at the plot of the potential shown in figure 4. Since the compound jet is axisymmetric, a repulsive electric double layer extends from the outer interface, S 2 , towards the centreline. As ε 2 /ε 1 decreases, the radial electric field in the core fluid decreases, from the boundary condition φ 10r = φ 20r ε 2 /ε 1 , causing destabilization by 
FIGURE 2. Dispersion curves showing the stretching and squeezing modes for the formulation of the first limit. Here M = 1, γ 2 = 1, α = 1.5, δ = 0.05, φ w = 1, R 3 = 10 ε 2 /ε 3 = 80 and the other parameter values are listed in the figure. The lines with a smaller value of λ correspond to the squeezing mode whereas the larger curves are for the stretching modes. In (d) magnifications (i) and (ii) correspond to the maximum values of the stretching and squeezing modes, respectively.
reducing the repulsive electrokinetic force. Further, the cutoff wavenumber decreases as ε 2 /ε 1 increases for the squeezing mode but the cutoff wavenumber has a nonmonotonic behaviour for the stretching mode. At small values of ε 2 /ε 1 the cutoff wavenumber increases with an increase in this ratio and the cutoff wavenumber decreases at large ε 2 /ε 1 for increases in this ratio. Variations in the Debye lengths χ i on the dispersion curves are displayed in figure 2(c,d) . In figure 2(c) the dispersion curves show a destabilizing effect as the maximum growth rate increases as χ 1 decreases for the stretching and squeezing modes. As χ 1 increases the potential in the core and annular fluid decreases. Also, as χ 1 increases the stabilizing electrokinetic repulsion decreases in strength, as the Debye length decreases and the thread destabilizes. The Debye length χ 1 represents the core radius relative to the distance of charge separation in the core. For small values of χ 1 the Debye length is large relative to the radius and as a consequence of boundedness at r = 0 the potential in the core approaches a constant. For large χ 1 the Debye layer is thin and the potential approaches the charge neutral state with φ = 0. Further, for 186
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the squeezing mode the cutoff wavenumber increases with an increase in χ 1 but has a non-monotonic behaviour for the stretching mode. For small χ 1 the cutoff wavenumber increases with this parameter but for large χ 1 the cutoff wavenumber decreases with this parameter.
The dispersion curves for variations in χ 2 are presented in figure 2(d) , showing non-monotonic behaviour for λ 1 (max) for the stretching and squeezing modes. For small χ 2 , λ 1 (max) decreases for the squeezing mode and increases for the stretching mode as χ 2 decreases and for large χ 2 this trend reverses. The cutoff wavenumber dependence on χ 2 also show a non-monotonic behaviour. For small χ 2 the cutoff wavenumber decreases for the stretching mode and increases for the squeezing mode as χ 2 increases with this trend reversing for larger values of χ 2 . For small χ 2 the Debye layer is large relative to the thickness of the annular fluid and the potential varies logarithmically. For large χ 2 the Debye layer is thin, implying electroneutrality in the annular fluid. Since the potential is continuous, the core is also approximately electroneutral and a Debye layer exists at r = S 2 .
Second limit: thin Debye layers and a highly conducting core
Here we follow a similar procedure as in the first limit and use the normal mode expansion: (3.9) where the charge on the interface at steady state is found from (2.78) to be
We have leftσ 3 in the above expression but this parameter is negligible for a gas so we takeσ 3 = 0 later in the analysis. Following the previous section we have four equations corresponding to the interface radii, core axial velocity and charge at the gas liquid interface that are combined to obtain an equation for λ that has four roots. We suppress the form of this equation here but the details can be found in the Appendix. In the limitσ 2 1, the electric field in the annular fluid satisfies φ 20r | S 2 1 from (2.78). The annular fluid, in this case is a perfect conductor and we can express the dispersion relation as
which is of a similar form to the dispersion relation for single jets studied in Wang et al. (2009) . As in the single jet case the electric field will introduce a stabilizing effect for sufficiently large electrode positions. From the dispersion relation (3.11) the electrostatic term changes sign at R 3 = α exp(1) and has a stabilizing effect for R 3 greater than this value and a destabilizing effect otherwise. Typical dispersion curves are shown in figure 3 . In all figures the larger values of λ correspond to the stretching mode and the smaller curves are the squeezing modes. The electric field has a stabilizing effect; asQ increases λ decreases with the effect being more pronounced for the stretching mode. This result is consistent with compound electrified jets (Li et al. 2008) with small wavenumbers and (Wang et al. 2009 ) for single jets, where the most dangerous mode was found to decrease as the electrostatic pressure increases for electrode radii larger than a critical value (given by them to be R 3 > exp (1)). Also, the difference between the maximum value of the squeezing and stretching modes decreases asQ increases since the squeezing mode is less affected by the electric field. The cutoff wavenumber for the stretching mode does not change withQ, whereas for the squeezing mode the cutoff wavenumber decreases withQ.
The effect of the conductivityσ 2 on the dispersion curves is shown in figure 3(b) . Asσ 2 increases λ increases with no discernible change to the cut-off mode. For largē σ 2 the potential in the annular layer approaches the core value, that is φ 2 → φ 1 = 0, and the model reduces to that of perfectly conducting coaxial fluids, with the dispersion curve independent of the conductivity. On the other hand asσ 2 → 0 188 the total charge at the interface becomes constant with the dispersion curves also independent of the conductivity. Since the maximum growth rate for finite conductivity is smaller than that for a perfectly conducting fluid, for very large conductivities, the presence of the leaky dielectric fluid as opposed to a perfectly conducting one contributes an added destabilizing effect.
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In figure 3 (c), the dispersion curves are shown for variations in the relative initial fluid thicknesses α. Increasing α results in a reduction of viscous dissipation in the annular region and λ increases. The wavenumber, k, corresponding to the maximum value of λ also increases for small α but decreases for larger α. This result has been attributed, by Craster et al. (2005) , to a relative increase in resistance to extensional flow in the inner fluid to the resistance to flow in the outer fluid. Further, the effect of ε 2 /ε 3 on the dispersion curves is shown in figure 3(d) . Decreasing this ratio causes the growth rates to decrease as well as k at the maximum value of λ. We can understand this by looking at solutions for large ε 2 /ε 3 . In this case we can express φ 20r ∼ S 2 q 2 /r − (ε 3 /ε 2 )/r ln(S 2 /R 3 ) and φ 30r ∼ 1/r ln(S 2 /R 3 ) and therefore increasing ε 2 causes the radial derivative of potential in the annular region to decrease. From the normal Maxwell's stress the effect of ε 2 /ε 3 can then be understood as a modified electric Weber number, of sizeQ (ε 3 /ε 2 ) 2 .
Numerical results
The governing equations are solved numerically on a periodic domain, using a pseudospectral method that uses fast Fourier methods for space and Gear's method for time. The initial conditions are given from (3.1) withŜ 2 = 1 × 10
and k corresponding to the most dangerous mode. In the simulations 512 nodes are typically used without any noticeable difference in the solutions upon doubling the number of nodes. We have checked that mass is conserved in the numerical results and that the results are consistent with linear theory during the initial stages of thread breakup. The interfacial positions as a function of the parameters that affect the electric field are shown in figures 5-10 for the first limit and figures 12 and 13 for the second limit.
First limit: weak adsorption
We first examine the effect ofQ on the interfacial positions, shown in figure 5. Without electric field effects the annular fluid thins more rapidly than the core, because the viscosity is lower there, and the two interfaces approach each other by a fluid drainage process. At the final state both interfaces pinch at z = 0, forming only a primary satellite (Craster et al. 2005) . With electric field effects included the interface evolution slows, due to the stabilizing effect of the electric field, which was indicated by linear theory. For small values ofQ the interfaces still pinch at z = 0 but the shape near this point is less smooth. For sufficiently large values of the electric Weber numberQ a satellite forms at the centre and grows in size asQ increases. From the electrokinetic repulsion in the annular fluid and the electrostatic force arising from the gas, the evolution of interface S 2 is slowed relative to the more viscous core fluid as shown in figure 6 . In (a) the minimum interface radius of both interfaces is plotted as a function of time, showing that the electric field keeps the two interface separated by some distance that increases withQ. Since the two interfaces are held apart, the fluid drainage process is reduced and satellite formation in the core is promoted. Although a satellite does not form in the electric free case it does when the viscosities of both fluids are of a comparable value (Craster et al. 2003; Suryo et al. 2006) . For larger values ofQ, the core fluid forms a satellite, that has a familiar structure to the single-jet problem, although the annular layer thickness is relatively large near the pinch point. In the limit S 1 → 0 the potential in the core is constant in the radial 190 . direction and equal to
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and the potential in the annular layer is φ 2 = φ 1 I 0 (χ 2 r). In (2.61) the electric field parameters arising in the core near the pinch point drop out but the electrostatic/electrokinetic terms in the annular layer are present and large due to the term (S 2 /S 1 )
2
. At the top of the satellite the annular fluid can be very thin. In the limit S 1 → S 2 (S 1 0) the electric field looks like the thin annular case with the potential having a solution that is similar to (2.64) which is a sum of hyperbolic functions.
The effect of varying ε 2 /ε 1 on the final interface radii is seen in figure 7 . For small values of ε 2 /ε 1 the gradient in the potential at r = S 1 is weak and the core potential is approximately constant. Here the satellite size and the thickness of the annular layer above the satellite is smaller than the base case shown in (b). As ε 2 /ε 1 increases the radius of the satellite increases as well as the annular fluid thickness above the satellite, although less sensitively for larger dielectric permittivity ratios.
Next we turn to the effect of the Debye layer thickness on the interface radii, shown in figures 8-10. The Debye layer relates the thickness of the electric double layer to the thickness of the fluid and defines the electrokinetic force on the system. For small χ 1 , shown in figure 8, the Debye layer is thick relative to the interface radius and the potential in the core approaches a constant value. On the other hand for larger χ 1 the Debye layer thickness is very thin and the potential in the core is at the electroneutral value of φ 1 = 0 except near the interface. Further, as χ 1 increases the potential in both layers decreases and as a result, the radius of the satellites and annular layer thickness above the satellites decrease.
For χ 2 , shown in figure 9 , the behaviour of the system has some similar characteristics to that of the double layer in the core. From linear theory, the maximum growth rate decreases as χ 2 increases for small χ 2 . The satellite does not form for small values of χ 2 shown in figure 10. Instead the outer interface undergoes drainagelike dynamics, forming a series of lobes and collars that are more easily seen in the magnification in figure 10(b) . The outer interface evolves toward the core fluid and is expected to make contact in finite time. IfQ is increased while fixing χ 2 the interfaces evolve to a stable position displayed in figure 10(c) , forming a thinner compound thread. We have checked numerically that these interface radii are stable to perturbations. As χ 2 increases further, a satellite forms and increases in radius with an increase in χ 2 . For large values of χ 2 the double layer thins at r = S 2 and causes the potential in the viscous fluids to decrease to low values. As a result, the electrokinetic and electrostatic forces decrease and a satellite does not form.
In figure 11 we have plotted the solution with the initial disturbance generated from uniform random noise on a long domain. As expected the evolution of the interface selects the most dangerous stretching mode λ = 0.6347 that was predicted by linear theory. In the right-hand figure the evolution of the growth rate is compared against the solution from linear theory showing good agreement after the initial adjustment phase and before the nonlinear effects become large.
Second limit: thin Debye layers and a highly conducting core
In figure 12 , the interface positions and charge q 2 at the last time step found numerically is shown for variations in the electric Weber numberQ. For increasing electric effects the evolution of the interfaces slows down as indicated by a decreasing growth rate from linear theory. For larger values ofQ, shown in figure 12 , a satellite forms in the core fluid with an increasing size asQ increases. This result is similar to the first limit but here the satellite is longer. In contrast to previous work on electrified 
FIGURE 9. Interface radii S 1 and S 2 as a function of χ 2 for the formulation of the first limit. Here M = 1, γ 2 = 1, α = 1.5, δ = 0.05, φ w = 1, R 3 = 10 ε 2 /ε 3 = 80, ε 2 /ε 1 = 1, χ 1 = 1, Q = 100 and the other parameter values are listed in the figure. The solutions are initiated from the most dangerous mode, which corresponds to k = 7.83 (a), 7.73 (b) and 7.78 (c). The times associated with these profiles are t = 27.66 (a), 26.75 (b) and 23.5 (c). FIGURE 10. Interface radii S 1 and S 2 for χ 2 = 0.1 using the formulation of the first limit.
Here M = 1, γ 2 = 1, α = 1.5, δ = 0.05, φ w = 1, R 3 = 10, ε 2 /ε 3 = 80 and ε 2 /ε 1 = 1. The solutions are initiated from the most dangerous mode, which corresponds to k = 7.82 (a) and 1.74 (c). The time associated with (a) is t = 52 and the interface radii in (c) are stable. (b) Magnification of (a). Here (a)Q = 100, χ 2 = 0.1, (b)Q = 100, χ 2 = 0.1 and (c)Q = 400, χ 2 = 0.1. . Panel (b) shows the growth rate obtained from the numerical solution (solid line) and from linear theory (dotted line). HereQ = 100, ε 2 /ε 1 = 1, χ 1 = χ 2 = 1, M = 1, γ 2 = 1, α = 1.5, δ = 0.05, φ w = 1, R 3 = 10 and ε 2 /ε 3 = 80.
jets (Conroy et al. 2011b ) in the long-wave limit, the satellite size increases with an increase in the electric Weber number, whereas for single jets the stabilizing effect of the electric field causes the satellite to be smaller. Here the electrostatic force acts on the outside of the annular fluid, slowing down its evolution and keeping the two interfaces from making contact, which allows the more viscous fluid, that evolves more slowly, to develop the satellite shape that is common in single jets.
Variations in the conductivity,σ 2 , are shown in figure 13 . As noted from linear theory, increasingσ 2 increases the growth rate and numerically causes the time to breakup to shorten. This is due to the fluids approaching that of a perfect conductor, which is more unstable than a leaky dielectric fluid at the small wavelengths studied here. The radius of the core satellite only increases slightly asσ 2 increases and the length increases asσ 2 decreases, partly as a result of a larger wavelength being used. For smallσ 2 the charge distribution is dominated by the transport along the gas-liquid interface by advection and we end up with profiles similar to Conroy et al. (2011b) but with peaks near the pinching location. On the other hand, for largeσ 2 the surface charge obtains a relatively large contribution from the electric field in the annular layer 
FIGURE 12. Interface radii S 1 and S 2 and charge q 2 as a function ofQ for the formulation of the second limit. Here M = 1, γ 2 = 1, α = 1.5, δ = 0.05, φ w = 1, R 3 = 10 and ε 2 /ε 3 = 80. The solutions are initiated from the most dangerous mode, which corresponds to k = 6.74 (a), 5.76 (c) and 4.45 (e). The times associated with these profiles is t = 31 (a), 37.3 (c) and 43.9 (e). The thread is axisymmetric and we have included ±S and similarly with q 2 but note that this value is a positive quantity: (a)Q = 300,σ 2 = 1, φ w = 1, φ 1 = 0; (c) Q = 400,σ 2 = 1, φ w = 1, φ 1 = 0; and (e)Q = 500,σ 2 = 1, φ w = 1, φ 1 = 0. and the surface charge has a more rounded profile. Forσ 2 = 1, shown in figure 12 , the surface charge peaks at the satellite and decreases in magnitude asQ (or 1/k) increases.
In figure 14 the interface radii are shown as a function of the relative initial thickness of the viscous fluids, α. For small values of α, a thin outer, less viscous fluid surrounds the inner, more viscous one and a satellite does not form. From our linear stability analysis results, one expects the disturbance growth rate to increase with α (and the time to breakup to decrease, although this quantity is beyond the scope of linear theory). At α = 1.5, a satellite forms with a drop of fluid 1 contained within a thread of fluid 2. At later times, we expect the annular fluid to break up forming a compound satellite. For α = 3, the annular fluid drains onto the core fluid and a compound satellite forms. Variations in the relative dielectric permittivity ε 2 /ε 3 on the final interface positions are shown in figure 15. As this ratio decreases, the growth rate of the most unstable linear mode increases, and its wavenumber decreases. For the nonlinear solutions shown in figure 15 , the time to breakup and the size of the satellite increases as ε 2 /ε 3 decreases due to the stabilizing effect of the FIGURE 13. Interface radii S 1 and S 2 and charge q 2 as a function ofσ 2 for the formulation of the second limit. Here M = 1, γ 2 = 1, α = 1.5, δ = 0.05, φ w = 1, R 3 = 10 and ε 2 /ε 3 = 80. The solutions are initiated from the most dangerous mode, which corresponds to k = 5.065 (a) and 6.125 (c). The times associated with these profiles is t = 38.6 (a) and 36.2 (c). The thread is axisymmetric and we have included ±S and similarly with q 2 but note that this value is a positive quantity: (a)Q = 400,σ 2 = 0.1, φ w = 1, φ 1 = 0; and (c) Q = 400,σ 2 = 10, φ w = 1, φ 1 = 0. 
FIGURE 14. Interface radii S 1 and S 2 as a function of α for the formulation of the second limit. Here M = 1, γ 2 = 1,Q = 400, δ = 0.05, φ w = 1, R 3 = 10 and ε 2 /ε 3 = 80. The solutions are initiated from the most dangerous mode: λ = 0.245 (a), 0.3663 (b) and 2.12 (c), which corresponds to k = 2.165 (a), 5.76 (b) and 3.89 (c). The times associated with these profiles are t = 45.1 (a), 37.3 (b) and 14.5 (c). The thread is axisymmetric and we have included ±S: (a) α = 1.1; (b) α = 1.5; and (c) α = 3.
electric field. As discussed in the section on linear theory, the results are qualitatively similar forQ since the permittivity ratio can be absorbed into a modified electric Weber number. 
Conclusions
In this paper we have investigated the nonlinear dynamics of an electrified, viscous compound jet using the long-wave analysis. The core fluid was assumed to be much more viscous than the annular fluid and both fluids are surrounded by a gas. The two inner fluids were taken to be electrolytes, whereas the surrounding gas is a dielectric that is in turn bounded by a radial electrode maintained at a constant voltage potential. The fluids are taken to be symmetric z : z electrolytes, with the ions modelled by the Nernst-Planck equation, and providing a volumetric charge that modifies the electric field through Gauss's law. From these equations the effect of the electric field on the interfacial dynamics of compound jet breakup are investigated in two limiting cases. In the first case the surface charge at the interfaces is assumed to be small so that the electric field is continuous between the two fluids. A Maxwell's stress arises in the bulk of the fluid giving rise to electrokinetic effects. In the second case the charge is assumed to be of leading order at the interfaces and the Debye layers thin so that we recover the leaky-dielectric model.
Linear stability analysis of the one-dimensional set of equations for the two limiting cases was performed. In all cases two unstable modes were found corresponding to a stretching and squeezing mode with the latter always dominating. The electric field was found to have a stabilizing effect with both modes decreasing as the electric Weber number increased. This is attributed to the fact that the electric field creates a repulsive Debye layer and a normal electric stress at the gas-liquid interface that stabilizes the interfaces. Numerical solutions showed that the electric field slowed the drainage of the annular fluid on to the core and allowed for the formation of a satellite drop. Increasing the strength of the electric field caused the breakup time to increase and the satellite size to increase.
